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ABSTRACT
Nuclear star clusters (NSCs) and supermassive black holes (SMBHs) both inhabit
galactic nuclei, coexisting in a range of bulge masses, but excluding each other in the
largest or smallest galaxies. We propose that the transformation of NSCs into SMBHs
occurs via runaway tidal captures, once NSCs exceed a certain critical central density
and velocity dispersion. The bottleneck in this process, as with all collisional runaways,
is growing the first e-fold in black hole mass. The growth of a stellar mass black hole
past this bottleneck occurs as tidally captured stars are consumed in repeated episodes
of mass transfer at pericenter. Tidal captures may turn off as a growth channel once
the black hole reaches a mass ∼ 102−3M, but tidal disruption events will continue
and appear capable of growing the seed SMBH to larger sizes. The runaway slows
(becomes sub-exponential) once the seed SMBH consumes the core of its host NSC.
While the bulk of the cosmic mass density in SMBHs is ultimately produced (via the
Soltan-Paczynski argument) by episodic gaseous accretion in very massive galaxies,
the smallest SMBHs have probably grown from strong tidal encounters with NSC
stars. SMBH seeds that grow for a time t entirely through this channel will follow
simple power law relations with the velocity dispersion, σ, of their host galaxy. In the
simplest regime it is M• ∼ σ3/2
√
M?t/G ∼ 106M(σ/50 km s−1)3/2(t/1010 yr)1/2,
but the exponents and prefactor can differ slightly depending on the details of loss
cone refilling. Current tidal disruption event rates predicted from this mechanism are
consistent with observations.
1 INTRODUCTION
Can star capture account for the growth of the largest super-
massive black holes in the Universe? No. Could this process
account for the growth of abundant smaller supermassive
black holes, or intermediate mass seeds? The answer to this
question appears to be yes, as we argue in this paper.
The central few parsecs of most standard (M∗ >
109M) galaxies contain either supermassive black holes
(SMBHs), nuclear star clusters (NSCs), or both of these
components. In some cases the NSCs are distinct entities
and in other cases they appear to be a continuation of the
inner spheroidal component. In either case, NSCs typically
represent regions of high stellar density, often with a steep,
cusp-like profile.
It is well known that, for the more massive galaxies
(M∗ > 1011M), the mass of the BH component is roughly
linearly related (Marconi & Hunt 2003; McConnell & Ma
2013; Kormendy & Ho 2013) to the mass in the spheroidal
stellar component of the galaxy, but lower mass systems can
also contain SMBHs with masses below the linear relation,
and for very low mass galaxies the SMBHs are apparently
absent in general, with notable exceptions (Baldassare et al.
2015). However, for galaxies with masses below this transi-
tion (M∗ < 1011M), the central regions typically contain
NSCs having masses roughly proportional to the spheroidal
stellar mass, with values similar to the SMBH mass at the
transition point, and with the NSCs being less prominent
than the SMBHs above the transition. NSCs are typically
absent in the largest galaxies, and only coexist with SMBHs
in galaxies from an intermediate mass range (Georgiev et al.
2016). Fig. 1 illustrates this dichotomy with observational
data from nearby galactic nuclei, plotted against the veloc-
ity dispersion of the host galaxy.
An overly simple explanation for this behavior would
postulate that all standard galaxies start out with nuclear
star clusters proportional to the spheroidal mass, but that
above some critical mass (or escape velocity), dynamical
processes transform a larger and larger fraction of the stars
in the NSC to massive seed central BHs. That would explain
in a simple fashion the continuity observed between centrally
located NSCs and central BHs. The purpose of this paper
is to outline the dynamical processes that could make this
cartoon scenario a plausible physical process. We focus in
particular on tidal capture and disruption of stars as a run-
away growth channel for stellar mass black holes (SBHs).
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The origin of NSCs is not the primary topic of this
paper, but the hypothesis that they form from the infall of
globular clusters (GCs) due to dynamical friction (Tremaine
et al. 1975; Gnedin et al. 2014) is consistent with the dynam-
ical processes that we will be treating in this paper, and is
generally capable of growing NSCs to ∼ 106M in less than
one billion years1. An alternative formation channel is in situ
growth through star formation (Milosavljevic´ 2004; Antonini
et al. 2015). It is not clear which of these two mechanisms
dominates NSC formation, and the data is often consistent
with contributions from both channels (Leigh et al. 2012;
Antonini et al. 2012). However, it is clear that in situ star
formation continues at some level in most nuclear star clus-
ters2, and therefore provides a natural source of SBHs in
NSCs.
The primary physical mechanism that we will consider,
tidal capture, is well known. One star can capture another
into a bound orbit if a close encounter between the two puts
more energy into tidal perturbations than the positive rela-
tive energy of these two stars at large separation. The tidal
capture mechanism was first pointed out by Fabian et al.
(1975), with an early computation by Press & Teukolsky
(1977) and a more refined modal analysis given by Lee & Os-
triker (1986). Later work analyzed subsequent orbital evo-
lution both prior (Mardling 1995a,b) and subsequent (Lai
1996, 1997) to the onset of internal dissipation.
If SBHs are retained, or are subsequently formed, in
dense stellar systems such as GCs or NSCs, then mass seg-
regation will bring them to the central, densest part of the
system, whereupon they will be well situated to tidally cap-
ture the much more abundant low mass, normal stars. The
dramatic influence that the resulting tidal capture binaries
can have on the dynamical evolution of such clusters has
been studied extensively (Lee 1987; Statler et al. 1987; Lee
& Ostriker 1993; Kim et al. 1998). But the specific possibil-
ity that a runaway of successive tidal captures would lead
to the formation of a massive black hole, first proposed by
Miller & Davies (2012), has not been quantified in detail.
We will provide some first calculations of the circumstances
required for such a runaway to occur in this paper, as well as
the expected endpoint of the runaway, returning to a more
detailed calculation in subsequent work. The preliminary an-
alytic and numerical treatment presented here indicates that
the physical requirements for runaway tidal captures are first
satisfied for galactic nuclei near the NSC/SMBH transition
at black hole masses of ∼ 105−6M and stellar velocity dis-
persions ∼ 35 km s−1.
Supermassive black hole (SMBH) seed formation is gen-
erally studied in the context of the high redshift universe,
and three leading candidate scenarios currently exist (see
Volonteri 2010; Sesana 2012, for general reviews): stellar
remnant BHs left over following the deaths of Pop III stars,
the direct collapse of gas in small halos, and runaway stellar
collisions in dense star clusters. The Pop III scenario has
1 Though we note that the relationship between NSCs and GCs
may be more complex, and some GCs may even descend from
tidally stripped NSCs (Bo¨ker 2008).
2 For example, the Milky Way NSC exhibits a large spread in stel-
lar metallicity (Do et al. 2015), and contains two disks of young
stars formed ∼ 6 Myr ago (Genzel et al. 2010, and references
therein).
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Figure 1. Nuclear star cluster (yellow stars) and supermassive
black hole (black and green dots) masses in local universe galax-
ies, plotted against host galaxy velocity dispersion. A “break
point” at σeff ≈ 100 km s−1 is visible, below which NSCs dom-
inate and above which SMBHs dominate. In low σeff galaxies,
NSC masses appear to follow a power law that turns over for
σeff & 100 km s−1; this power law is resumed in larger galaxies by
the SMBH masses, which fall off sharply for σeff . 100 km s−1.
SMBH dynamical mass measurements and NSC mass data are
taken from Graham & Spitler (2009); Erwin & Gadotti (2012);
Neumayer & Walcher (2012); Kormendy & Ho (2013); Georgiev
& Bo¨ker (2014), and two local galaxies of interest (the Milky
Way and M31) are marked with circles; these datasets give one
SMBH mass (black dots) for every NSC mass. We also show a dif-
ferent set of SMBH masses estimated with maser disk measure-
ments (Greene et al. 2016); for these galaxies associated NSCs
are unconstrained and the SMBH masses are shown with green
dots. The green line shows the “saturation mass” predicted for
SMBHs formed through the mechanism in this paper, described
in more detail in Eq. 39. Growth of SMBHs above the green line
occurs through standard forms of gas accretion (Soltan 1982).
The black arrow at σ = 35 km s−1 indicates the rough transition
below which NSCs are insufficiently dense to produce runaway
SBH growth.
the advantages of concreteness and ubiquity, but has been
cast into doubt by recent simulations that find Pop III stars
may be much less massive than was previously thought due
to fragmentation during their formation (Clark et al. 2011;
Greif et al. 2011). Even if simpler estimations for the masses
of the first stars (∼ 102−3M) are correct (Abel et al. 2002),
this scenario produces the lowest mass SMBH seeds. Direct
collapse of gas in early halos has the advantage of producing
much larger seeds, ∼ 105−6M, but will be strongly sup-
pressed by small amounts of coolants, primarily molecular
hydrogen (Visbal et al. 2014).
The mechanism in this paper is a specific example of
the third channel for SMBH seed formation: runaway col-
lisions of stellar mass objects in dense stellar environments
(Sanders 1970; Begelman & Rees 1978; Ebisuzaki et al. 2001;
Gu¨rkan et al. 2004), such as GCs or NSCs. Past studies of
c© 0000 RAS, MNRAS 000, 000–000
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this channel predicted SMBH seeds of widely varying mass,
depending on which variant of the stellar runaway proceeds:
M• ∼ 102−5M. We will focus primarily on a relatively
unexplored variant of the runaway collision scenario, specif-
ically the process of runaway tidal capture and the resulting
growth of a massive object, although we comment briefly on
more traditional versions of this scenario as well.
Our work focuses on tidal capture because that pro-
cess has the largest cross-section of any of the dynamical
mechanisms we consider. It is therefore vital in initiating
the runaway growth of black holes that start with roughly
10M SBH seeds. But, as we will note later, such processes
may not ultimately dominate the total mass growth of our
black holes; and consideration of conventional tidal destruc-
tion events as initially envisaged by Magorrian & Tremaine
(1999) under the same circumstances would also grow SBHs
to comparable sizes provided a runaway can begin.
In §2 we discuss the different star capture channels
available to grow a SBH in a dense star cluster, and summa-
rize existing observations of NSCs, which appear to provide
the most favorable environments for runaway SBH growth.
In §3 we analytically explore the collisional growth of SBHs
in NSCs. In §4 we use idealized numerical studies to val-
idate our analytic estimates and to test the importance of
SBH multiplicity. In §5 we examine the slowing and eventual
termination of SBH growth through star capture. In §6 we
discuss future observational tests of our model for massive
black hole growth, and in §7 we offer conclusions.
2 PHYSICAL PROCESSES IN DENSE
STELLAR SYSTEMS
To set the stage for our discussion it is useful to summarize
the properties of the dense (primarily nuclear) star clusters
that we will be considering, and then to outline the pri-
mary physical processes occurring in these systems. These
clusters can, with a great degree of simplification, be charac-
terized by three parameters: mass Mtot, core radius rc, and
half mass radius rh. We show distributions of some of these
quantities in actual NSCs (taken from Bo¨ker et al. 2004;
Coˆte´ et al. 2006; Georgiev & Bo¨ker 2014) in Fig. 2, along
with mean density ρ¯ ≡ 3Mtot/(4pir3h), mean relaxation time
t¯r ≡ 0.34σ3/(G2M¯?ρ¯ ln Λ), and average velocity dispersion3
σ¯2 ≡ GMtot/(3rh). Here we take the Coulomb logarithm
Λ = 0.4Mtot/M¯? and assume mean stellar mass M¯? = M
for simplicity. We provide more detail on these data sets,
as well as best fit relations and variances between them, in
Appendix A.
Although all of these quantities have significant vari-
ance from their means, we see that NSCs typically have
20 km s−1 . σ¯ . 150 km s−1. Other work has established
that this is generally correlated with, and comparable to,
the velocity dispersion of the host galaxy (Leigh et al. 2015).
The characteristic sizes of NSCs are typically rh ∼ 1−10pc,
giving a wide range in ρ¯. Relaxation times at the half-mass
radius tr(rh) are under a Hubble time for ≈ 60% of our sam-
ple. In reality, NSCs are not simple two-parameter systems,
3 Throughout this paper, all velocity dispersions used are one-
dimensional.
and in particular exhibit a wide range of concentration pa-
rameters C ≡ rh/rc, where rc is the core radius of a roughly
isothermal system, and C ∼ 10 − 100 (Georgiev & Bo¨ker
2014), implying central densities ρc ∼ C2ρ¯ that are a few
orders of magnitude larger than ρ¯. We plot the distributions
of “cluster-central” quantities in Fig. 3.
We note here that the definition of an NSC is not a
completely rigorous one, and whether or not a galaxy’s cen-
tral surface brightness profile contains an NSC can be a
subjective question. The data quality of the innermost ob-
served isophotes, the number of components used in fitting
the surface brightness profile, and assumptions about the
radial dependence (or lack thereof) of a mass-to-light ratio
are all important ingredients in determining whether there
is an inner light excess that can be identified as an NSC.
To some extent, however, this debate is a semantic one from
the perspective of our calculations, which depend primar-
ily on two measurable quantities: stellar density and stellar
velocity dispersion. Whether or not the center of a galaxy
(on ∼ pc scales) is formally an NSC or is merely an inward
continuation of a larger-scale surface brightness power law
will not affect our results, so long as it has the same density
and velocity dispersion in both scenarios.
If a NSC lacks a massive black hole, how can it acquire
one? In the remainder of this section we consider two differ-
ent “collisional runaway” channels. The first is the classical
prompt collisional runaway that is sometimes theorized to
occur in denser star clusters at high redshift; we summarize
past literature on this channel and explain why it is unlikely
to occur for the NSCs we observe at low redshift. The second
is a relatively unexplored delayed collisional runaway chan-
nel, which forms the basis for the remainder of this paper.
2.1 Prompt Collisional Runaways
After the formation of a star cluster, its constituents will
evolve toward energy equipartition: heavy cluster members,
such as massive young stars or SBHs, will lose orbital energy
to lighter members, and will mass segregate to the center of
the cluster. Recent N-body simulations indicate that star
clusters may never reach a state of full energy equipartition,
but nonetheless partial mass segregation does occur (Trenti
& van der Marel 2013). If we consider a two component
cluster made up of light masses M` and heavy masses Mh,
this occurs on a timescale tseg ∼ (M`/Mh)tr, where tr is the
energy relaxation time.
Extremely dense star clusters can undergo a prompt
collisional runaway among massive young stars if the mean
time between collisions, tcoll, becomes significantly less than
the main sequence lifetime of very massive stars, ∼ 106 yr.
If this condition is satisfied, runaway collisions between
main sequence stars will form a supermassive star of mass
M• ∼ 10−3Mtot (Gu¨rkan et al. 2004; Goswami et al. 2012),
which will eventually collapse to an intermediate mass black
hole (IMBH) due to the onset of GR instability (e.g. Shapiro
& Teukolsky 1983). The approximate central number den-
sities required for formation of a supermassive star in this
type of prompt collisional runaway are nc & 109M pc−3,
roughly two orders of magnitude greater than the highest
seen in Fig. 2. Clusters could form at this density at high
redshift due to dissipation in gas flows (Katz et al. 2015), or
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Nuclear star cluster quantities of interested plotted against the mean 1D velocity dispersion σ¯. In this figure we focus on
“cluster-averaged” quantities. Panel (A) shows total cluster mass Mtot; panel (B) shows mean cluster density ρ¯; panel (C) shows mean
cluster relaxation time t¯r; panel (D) shows half mass radius rh. In all panels the dashed and dotted lines show 1σ and 2σ contours from
fitted 2D Gaussians. Data is taken from Bo¨ker et al. (2004); Coˆte´ et al. (2006); Georgiev & Bo¨ker (2014).
alternatively could reach central densities of this order via
Spitzer instability (Spitzer 1969) or a broader core collapse.
However, in the low redshift universe, this process is
derailed by the nonzero metallicity of stellar participants.
Collision products will shed most of their mass through line-
driven winds, thus forming stellar-mass compact remnants
in supernova explosions; even very low-metallicity progeni-
tors of modest size (Z = 0.001Z; M ∼ 500M) lose enough
mass via winds to prevent IMBH formation (Glebbeek et al.
2009).
2.2 Delayed Collisional Runaways
Let us assume that there is no prompt collisional runaway;
instead, massive stars segregate to the center of the star
cluster and die in supernovae there, leaving behind a smaller
population of compact object remnants (most neutron stars
and likely some SBHs will escape in natal kicks). These SBHs
will swap into primordial binaries in binary-single encoun-
ters, and the larger interaction cross-sections of these bina-
ries will eventually lead to ejections of many black holes.
As this process repeats, the number of SBHs declines until
either 0 − 1 remain, or the SBH-SBH interaction time has
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. The same as Fig. 2 but for three “cluster-central” quantities: cluster central density ρc (panel A), cluster central relaxation
time tr(0) (panel B), and core radius rc (panel C). These three variables are all derived from the concentration parameter C, which is
not measured with great precision and which in many cases represents a lower limit on the true concentration; for more discussion see
Appendix A.
become very long (this competition between SBHs is ana-
lyzed through N-body integrations in §4). Even if our NSC is
unlucky and loses all its SBHs in this process, the growth of
NSCs over time (either through in situ or cluster accretion
processes) implies that it will eventually regain one.
Several different channels exist for the growth of an SBH
in a gas-free star cluster, which we describe in quantitative
detail in the appendices of this paper. The four growth chan-
nels we consider are the following, listed in order of increas-
ing cross-section and probability:
(i) Gravitational wave capture of compact objects (Ap-
pendix B): two compact objects on hyperbolic orbits can
capture into a bound orbit through emission of GWs.
(ii) Direct collision with main sequence stars: a SBH can
directly collide with a main sequence star if the pericenter of
their encounter, Rp, is less than the stellar radius R?. The
end product of such a collision is highly uncertain.
(iii) Tidal disruption of main sequence stars (Appendix
C): a SBH will tidally disrupt a main sequence star of mass
M? if Rp < Rt ≡ R?(M•/M?)1/3, where we have defined
the tidal radius Rt. Up to half the stellar mass can accrete
onto the SBH.
c© 0000 RAS, MNRAS 000, 000–000
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(iv) Tidal capture of main sequence stars (Appendix D):
a SBH will tidally capture an unbound star into a bound
orbit (by dumping excess orbital energy into tidally-excited
oscillation modes) if Rp < λRt, where λ ≈ 2 is a function
of stellar structure and cluster σ. Depending on subsequent
orbital evolution of this tidal capture (TC) binary, the star
may be consumed by the SBH.
Collisional cross-sections are often enhanced by gravita-
tional focusing of orbits, so that the impact parameter b
for a close-approach distance of Rp is given by
b = Rp
√
1 +
2G(M1 +M2)
Rpσ2
, (1)
where M1 and M2 are the masses of the impactors. Generic
encounter rates can be calculated at leading order as N˙ =
nΣv, where n is the density of targets, v is the relative ve-
locity between SBHs and their targets (typically v ≈ σ), and
Σ = pib2.
Of these processes, GW capture of compact objects has
the smallest cross-section by far, and will generally be disre-
garded in this paper as a growth mechanism for SBHs (see
Appendix B for a more detailed discussion). In the grav-
itationally focused limit, the rate of growth due to direct
collisions is at most M˙• ∝ M•, but we neglect this channel
both because it is unclear whether significant stellar mass
will accrete, and because the exponential growth that is the-
oretically possible from direct collisions is slower than the
super-exponential growth allowed by tidal processes. Both
tidal capture and tidal disruption scale as M˙• ∝ M4/3• , a
curve of super-exponential growth that formally goes to in-
finite mass in finite time. Because the tidal capture process
has the largest cross-section, tidal capture runaways are the
most promising process for growing an IMBH in NSC-like
clusters that lack one4, and we explore the onset and devel-
opment of these runaways in the next section.
3 TIDAL CAPTURE PROCESSES IN
REALISTIC NUCLEAR STAR CLUSTERS
In this section, we summarize our theoretical models for re-
alistic NSCs, and then apply simple analytic models for col-
lisional growth of SBHs in these environments. Although
in principle tidal capture (or other types of) runaways can
happen in open or globular clusters as well, runaway SBH
growth is ultimately density-limited, and we therefore fo-
cus on the densest observed stellar systems in the universe:
NSCs. A worthwhile caveat is that more dense star clusters
may have existed at high redshift, with central subclusters
driven to even higher densities through gas dissipational pro-
cesses (Davies et al. 2011; Leigh et al. 2014a).
3.1 Cluster Structure
We use the three parameter potential-density pair described
in Stone & Ostriker (2015) to approximate the structure
of all of these star clusters. Specifically, the stellar density
4 Although under certain circumstances tidal disruptions may
dominate; see §3.3.
profile of a cluster with central density ρc, core radius rc,
and halo radius rh (equivalent to the half-mass radius when
rc  rh) is
ρ(r) =
ρc
(1 + r2/r2c )(1 + r2/r
2
h)
, (2)
and the gravitational potential
Φ =− 2GMtot
pi(rh − rc)
[
rh
r
arctan
(
r
rh
)
− rc
r
arctan
(
r
rc
)
+
1
2
ln
(
r2 + r2h
r2 + r2c
)]
, (3)
where the total cluster mass Mtot = 2pi
2r2cr
2
hρc/(rh + rc).
This potential-density pair is designed as an analytically
tractable alternative to single-mass King models (King
1966); it is appropriate for use here because observed NSCs
are reasonably well fit by King models, with varying degrees
of concentration C ≡ rh/rc. Georgiev & Bo¨ker (2014) find
that over half (58%) of their large NSC sample is best fit by
highly concentrated King models, with C ∼ 100.
When rc  rh, the central 1D velocity dispersion is
σ2c =
2GMtot(pi
2/8− 1)
pirh
, (4)
an approximation we shall use for the remainder of this pa-
per (when rc ∼ rh, the velocity dispersion is slightly higher
than this value). Finally, the central relaxation time is
tr(0) =
0.39
ln Λ
Mtot
M?
√
rcrh
rh + rc
√
r3c
GMtot
. (5)
At distances r  rh, tr(r) ≈ tr(0)(1 + r2/r2c ).
The plausibility of collisional runaways in star clusters
of fixed massMtot and halo (roughly speaking, half mass) ra-
dius rh depends critically on the size of the core, as ρc ∝ r−2c .
Clusters lacking central heat sources will, over ≈ 300 cen-
tral relaxation times (Cohn 1980, under the assumption of
equal-mass stars in the cluster), enter a state of core col-
lapse, as heat is slowly conducted out of the core, and rc
approaches zero. In practical terms, the presence of primor-
dial binaries in the core can arrest this collapse (scattering
of single stars off a hard binary will harden the binary fur-
ther and heat the core, offsetting conductive heat losses).
Miller & Davies (2012) have argued that star clusters that
possess σ & 40 km s−1 can avoid this problem by “burning
through” their entire population of primordial binaries.
To better quantify this argument (and the possible exis-
tence of a σ ∼ 40 km s−1 threshold for strong susceptibility
to core collapse), we consider an equal mass binary with to-
tal mass Mb = 2M? in the core of a cluster with mean stellar
mass M¯?. If this binary has a binding energy greater in mag-
nitude than M¯?σ
2, the outcome of many cumulative three-
body interactions will be to statistically harden it (Heggie
1975), heating the cluster and supporting it against core col-
lapse. The rate at which the binary loses its binding energy
Eb to the cluster core is (Spitzer 1987)
dEb
dt
≈ 1.3ncG2M?M¯?(2M? + M¯?)/σ. (6)
Here the cluster central number density nc ≡ ρc/M¯?. No-
tably, this hardening rate is independent of binary semima-
jor axis ab. Slight gradients in the cluster temperature pro-
file will conduct excess heat from the core to the outskirts
c© 0000 RAS, MNRAS 000, 000–000
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at a rate E˙cond =
1
2
AcondMcσ
2
c/tr(0), so if the cluster core
contains Nb binaries at any point in time, it will adjust to a
steady-state size where heating balances conductive cooling
and
rc ≈2.5rh Nb
Acond ln Λ
M?(2M? + M¯?)
MtotM¯?
(7)
≈0.4 Nb
Acond ln Λ
GM?(2M? + M¯?)
σ2cM¯?
.
The dimensionless conductivity constant Acond ≈ 1.5×10−3
for single-mass clusters (Cohn 1980). Using this approxima-
tion and taking ln Λ = 12, we find a central cluster density
in steady state of
nc ≈3× 1011 pc−3N−2b
(
rh
pc
)−3(
Mtot
106M
)3(
M¯?
M
)
(8)
×
(
M?
M
)−4
.
This formula represents an upper limit on the central density
of any collisional stellar system, and it decreases rapidly with
the mass of central binaries (note, however, that it assumes
an equal-mass binary).
The burn time for an individual binary to reach its min-
imum separation amin in such a cluster core is
tburn ≈4.2
√
r2h
GMtot
rh
amin
(
Nb
Acond ln Λ
)2(
M?
M¯?
)2
(9)
× M?
Mtot
2M? + M¯?
Mtot
.
Assuming a fraction fb of all cluster stars are born into
primordial binaries, we find a total burn time of
Tburn ≈ 8×108 yrNb
(
amin
R
)−1(
rh
pc
)5/2(
Mtot
106M
)−3/2
M?
M
fb
0.07
(10)
for a cluster to burn every one of its primordial binaries; in
the last equation we set M? = M¯? for simplicity. We note
that our choice of amin = R is likely quite conservative, as
primordial binaries will tend to eject in strong three-body
encounters once they reach a separation where their orbital
speed is comparable to σ. Therefore we expect most NSCs
to be able to burn through their primordial binaries in a
Hubble time, as argued by Miller & Davies (2012), provided
they can reach the core on shorter timescales.
In reality, however, binaries are continuously trans-
ported to the core by the slow process of dynamical fric-
tion in an extended NSC. Assuming that the orbital speed
for binaries is at most mildly supersonic, we can write an
approximate dynamical friction timescale for a binary on a
circular orbit:
TDF =
3σ3
4
√
2piG2ρ¯M? ln Λ
(11)
≈1.6× 1010 yr σ340m−1b,2ρ¯−14 ,
where we use the 1D velocity dispersion, take ln Λ ≈ 3.1, and
define an average cluster density ρ¯ = ρ¯4 × 104 M/pc3. We
therefore conclude that only relatively dense star clusters,
with ρ¯ & 105 M/pc3, have both sufficient energy to burn
through their primordial binaries and the ability to do this
in a Hubble time.
Another complication to the simple cluster model pre-
sented above is the possible presence of a “cavity” in the
center of the cluster, excavated by the scattering interactions
of main sequence stars with a dense subcluster of compact
objects. We can estimate the size of this cavity by calculat-
ing how long it takes for a star to have a sufficiently close
(focused) encounter with a SBH such that it receives a kick
velocity greater than the core escape velocity
vesc(0) =
2√
pi
√
GMtot
rh − rc
√
ln(rh/rc). (12)
Here we assume that we are looking at older populations
of Spitzer-stable SBHs; this analysis does not apply at very
early times in the cluster’s history when a Spitzer-unstable
SBH subcluster may exist.
By assumption, the N• SBHs are in energy equiparti-
tion, with σ2• = σ
2
cM?/M•; this implies that they inhabit
a characteristic radius r• = rc
√
9(pi2/8− 1)(M?/M•)/2. A
star-SBH scattering event will likely result in the star being
ejected from the cluster core if the closest approach is within
rej = (pi/2)(M•/Mtot)rh/ ln(rh/rc). By taking the gravita-
tionally focused limit and the number density of SBHs, we
can compute a per-orbit probability for a star to be ejected,
Pej. The ejection timescale tej = torb/Pej is, for stars within
the cluster core,
tej =
243(pi2/8− 1)3
21/2pi5/2
√
r3c
GMtot
(
rc
rh
)5/2
(13)
×
(
Mtot
M•
)3(
M?
M•
)3/2
ln3/2(rh/rc)
N•
In Fig. 4, we make a contour plot of the ratio of tej/tr(0).
When this ratio is less than unity, a cavity can be evacuated
in the central regions of the cluster core, but when it is
greater than unity, stars will diffuse inward to refill the core
faster than they are ejected. Interestingly, this ratio does
not depend on rc or rh independently, but only on rc/rh. In
general, we find that cavities only exist for small and highly
concentrated clusters. However, such clusters cannot exist in
a steady state so long as at least one binary exists as a heat
source in the cluster core, as is shown in Fig. 4. Furthermore,
it is actually large and highly concentrated clusters that are
most relevant for tidal capture runaways, so we neglect the
effect of a cavity for the following discussion (but see §5 for
how a different type of cavity can form at late times).
In conclusion, we expect high central densities to be
achievable through core collapse in many large NSCs (σ &
40 km s−1), although binary burning may persist for greater
than a Hubble time unless ρ¯ & 105 M pc−3. To achieve the
high central densities required for runaway SBH growth, we
therefore require high σ and high (mean) density clusters,
although our requirements are satisfied by a large portion of
the parameter space in Fig. 2. In the following subsection,
we quantify better the central density threshold required for
the onset of runaway growth.
3.2 Relative Rates
Of the processes described in §2 to grow stars or compact
objects (gravitational wave capture, direct collision, tidal
disruption, and tidal capture), tidal capture and tidal dis-
ruption are in general the most promising. Growth of BHs
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Figure 4. A contour plot of the ratio of the stellar ejection time
(due to SBH scatterings) to the central relaxation time. Contours
of log10(tej/tr(0)) are labeled and shown as black solid lines. Here
we assume that there are N• = 100 SBHs all of mass M•10M•;
even with this unrealistically large late-time SBH population, gen-
erally tej/tr(0) 1 (i.e. a central cavity in the stellar profile does
not form). We also plot contours of equilibrium rc/rh for a cluster
of a given mass heated by Nb binaries of mass Mb = 2M (Eq.
8). These are shown as dashed red lines with associated labels,
and the shaded red region is a portion of parameter space for-
bidden provided there is at least one binary in the cluster core.
Cavity formation is disfavored.
through GW capture is only possible in extremely deep po-
tential wells where the loss of merger products due to GW
recoil can be mitigated (Davies et al. 2011). The large cross-
sections for tidal processes give super-exponential growth
(M˙• ∝M4/3• ) more conducive to a runaway than the merely
exponential growth provided by direct collisions (M˙• ∝M•),
and without the sizable uncertainty involved in the outcome
of a direct collision.
We therefore examine the rates of tidal capture and
tidal disruption relative to other processes that could sab-
otage the growth of an SMBH seed. These processes them-
selves have relative rates given by N˙TC = λN˙TD; in Ap-
pendix D we argue that λ ≈ 2, but with a weak σ-
dependence. For the remainder of this subsection we focus
on the rate of tidal captures, which we shorthand as N˙•? for
notational clarity, but removal of factors of λ enable easy
comparison to tidal disruption rates. We also assume here
that a tidally captured star is consumed whole by the SBH;
this assumption is explored in much greater detail in §3.3.
Initially SBHs can grow at a linear rate through tidal
captures, reaching a super-exponential pace after they have
roughly doubled in size. If we assume that typical SBHs have
M• ≈ 20M and mean stellar masses in an evolved cluster
are M¯? ≈ 0.3M, we require ≈ 60 tidal capture events to
reach runaway growth, which corresponds to a tidal capture
rate N˙TC ≈ 2× 10−8 yr−1 if we wish to reach the runaway
regime in a Hubble time tH.
Two processes competing with tidal capture for the af-
fection of solitary black holes are binary-single interactions
and GW capture. The former is most relevant in low-σ clus-
ters, and the latter in the (possibly short-lived) SBH sub-
clusters produced by mass segregation. In the gravitationally
focused limit relevant for us, the rate of tidal captures by a
single SBH is
N˙•? ≈ 2× 10−9 yr−1M4/320 m−1/3? r?nc,6λ2σ−140 . (14)
Here we have used for convenience the normalized variables
σ40 × 40 km s−1 ≡ σ, nc,6 × 106 pc−3 ≡ nc, M20 × 20M ≡
M•, m? ×M ≡ M¯?, r? ×R ≡ R¯?, and λ2 × 2 ≡ λ.
Single SBHs will also interact with primordial binaries
of semimajor axis ab, which can result in capture into the
binary or the ejection of some members of this process from
the cluster. We assume these strong interactions occur when
pericenter Rp < ab, and that the logarithmically flat field
distribution (Poveda et al. 2007) of primordial binary semi-
major axes P (ab) ∝ 1/ab for amin < ab < afield is truncated
within the cluster so that amin < ab < amax = GMb/(3σ
2).
Integrating the BH-binary interaction rate over all ab then
gives the total BH-binary interaction rate, N˙•b, which can
be expressed fractionally as
N˙•?
N˙•b
=
λR?q
1/3σ2
GMb
ln
(
afield
amin
)
(15)
≈0.37 M1/320 m−1/3? r?λ2σ240mb.
In the approximate equality above, we have assumed afield =
105 AU, amin = 0.01 AU, and have defined mb×2M ≡Mb.
We plot the relative rates of these two processes across
the parameter space of star clusters in Fig. 5, by combining
Eqs. (14) and (15) with expressions for the central density
(nc) and velocity dispersion (σc) of realistic clusters. We
see that in order to achieve the conditions necessary for a
tidal capture runaway (in less than a Hubble time), it is
necessary that the cluster halo (or half-mass) radius rh be
very small, typically . 1 pc. Even when this criterion is
satisfied, it is likely that binary interactions will occur with
greater frequency than tidal captures, unless the cluster is
also quite massive & 107M.
Binary-single encounters can prevent a tidal capture
runaway from ever beginning, by ejecting all SBHs from
the cluster (or at least, the cluster core). If we imagine an
encounter between a main sequence star and a SBH-star
binary with semimajor axis ab, one of the stars will typi-
cally be ejected at a speed ve ∼
√
GM•/ab, and momentum
conservation dictates that the surviving SBH-star system
recoils with vej ∼ (M?/M•)ve. This process clearly sets a
lower limit on the cluster σ capable of retaining SBHs, as
the central cluster escape velocity is
vesc(0) =
2√
pi
√
GMtot
rh − rc
√
ln(rh/rc). (16)
The largest binary ejection velocities come from the hardest
possible SBH-star binaries, i.e.
vmaxej =
(
m?
m•
)2/3√
Gm?
R?
. (17)
If vmaxej & vesc(0), then it becomes impossible to retain SBHs
in the cluster and tidal capture runaways are prevented.
If we take an angle-averaged distribution of ejection
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Figure 5. Rates of BH-single and BH-binary interactions, plot-
ted over the parameter space of cluster structural parameters σ
(cluster velocity dispersion) and n? (stellar density). The green
lines (n? ∝ σ3) show curves of constant tidal capture rate N˙•?,
while the purple lines (n? ∝ σ) show curves of constant binary in-
teraction rate N˙•b. Solid lines show rates 10−8 yr−1, dashed lines
show rates 10−9 yr−1, and dotted lines show rates 10−10 yr−1.
In all curves we have assumed interactions with solar-type main
sequence stars and SBH masses M• = 10M. The shaded param-
eter space above the solid green curve is conducive to runaway
growth through tidal capture, although areas above this curve
and also above the solid purple curve may see this growth inhib-
ited by more frequent binary interactions. Binary interactions are
less important in the darkly shaded parameter space. Data points
show the Georgiev & Bo¨ker (2014) sample of NSCs; the large blue
dots indicate best estimates for central cluster density, while the
small black dots illustrate the more robust stellar density at the
half mass radius.
speeds vej (Valtonen & Karttunen 2006), we find that en-
counters between SBHs and primordial binaries eject the
newly bound SBH-star pair with speed > v at a rate
N˙ej(v) =
pifbG
2M2bnc
32σv2 ln(amax/amin)
(
Mb
M•
)2/3
. (18)
Clearly, frequent ejections with v & vesc(0) will endanger any
runaway, but even smaller values of v may abort runaway
growth, as SBHs ejected to the low-density cluster halo will
not grow through star capture and may take very long times
to sink back to the center (Morscher et al. 2015). We there-
fore compute a “core escape velocity” v2c ≡ 2Φ(rh)− 2Φ(0),
and we find that N˙ej(vc) > N˙•? when
σ2 .fb(pi
2/8− 1)
32λ
1
ln(amax/amin)(ln(rh/21/2rc)− pi/4)
× M¯?
M•
GM¯?
R¯?
(19)
∼(1 km s−1)2λ−12 M−120 m2?r−1? .
In the above, we have assumed rh  rc; we see that pri-
mordial binaries are unlikely to efficiently eject SBHs from
NSC cores, though they will be much more effective at this
in open and globular clusters.
Even though σ and M• are usually large enough for the
SBH to survive ejection in binary-single encounters, these
interactions can still endanger a tidal capture runaway be-
cause tides capture stars onto highly eccentric orbits. If the
SBH is part of a relatively wide (but still hard, by clus-
ter standards) binary system at the time of capture, then
chaotic three-body interactions can ensue, and it is likely
that the captured star will quickly scatter to a larger peri-
center where it no longer has the chance to undergo strong
tidal interactions or circularize, as we discuss further in the
next section. In a conservative sense, therefore, it is best to
treat only the darkly shaded part of Fig. 5 as the part of
parameter space where runaway tidal growth is favored.
3.3 Outcomes of Star Capture
After a star has been tidally captured by a BH, it will return
to pericenter and will suffer further strong tidal encounters.
However, unlike on the first (unbound) passage, when tidal
forces excite oscillatory modes in a previously quiescent star,
repeated pericenter passages on a bound orbit can both ex-
cite and de-excite oscillation modes. In the absence of dis-
sipation, the exchange of energy between modes and orbit
will be either quasi-periodic and bounded (if the pericen-
ter is large relative to a “chaos boundary” produced by the
overlap of mode-orbit resonances - see Mardling 1995a), or
will undergo an unbounded random walk (if the pericenter
is small relative to the chaos boundary). In practice, tidal
capture in the high-σ environment of a NSC requires a small
pericenter, and so the mode amplitude will follow a chaotic
random walk in the absence of dissipation, often reaching
nonlinear sizes (Mardling 1995b).
The first passage between the SBH and an unbound star
transfers the following orbital energy
∆E0 =
GM2∗
R∗
(
M•
M∗
)2 ∞∑
`=2,3,...
(
R∗
Rp
)2`+2
T`(Rp) (20)
into oscillation modes, binding the star to an orbit with ini-
tial period torb. Here ` is a spherical harmonic modenumber
and T` < 1 is a sum over all radial modenumbers with os-
cillation frequencies ωn (see Appendix D for more details).
In general, the lowest order ` = 2 mode dominates the en-
ergy budget for mechanical oscillations. The instability of
initially linear oscillations to stochastic growth can now be
understood by taking the mode phase φn = ωntorb, and ex-
amining the per-orbit phase shift ∆φn = ωn∆torb, where
∆torb = (3pi/
√
8)GM•∆E0/|E|5, and E is the binding en-
ergy of the tidally captured orbit. If ∆φ > 2pi, as is generally
the case for TC in NSCs, stochastic instability and a random
walk in mode amplitude will develop (Ivanov & Papaloizou
2004).
However, real stars possess internal dissipational mech-
anisms, and the presence of these qualitatively alters the
evolution of a tidally captured star. Observed circulariza-
tion rates of tidally interacting stars imply an internal qual-
ity factor Q ∼ 105−6 (Meibom & Mathieu 2005), much lower
than the Q values predicted by linear dissipation theories.
This may be explicable by nonlinear mode-mode couplings;
once the energy in a mode exceeds a threshold amplitude,
the development of parametric instability dumps its energy
into a chain of daughter modes (Weinberg et al. 2012). These
nonlinear mode-mode couplings serve as a relatively efficient
source of dissipation, preventing random walks in mode am-
plitude from proceeding far, and leading to a steady state
mode energy (Lai 1997) comparable to the “capture” value
after the first pericenter passage.
Because ∆E0 greatly exceeds the threshold energy for
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parametric instability, orbital energy will be dissipated, and
circularization will proceed on a timescale
tcirc =
N∑
i
tiorb = torb
(
E0
∆E
)3/2 N∑
i=0
1
(E0/∆E + i)3/2
(21)
where the ith orbit has a period tiorb and we sum over
N ≡ Ec/∆E orbits. Once a single star has circularized into
a tight orbit of energy Ec = −GM•M?/(4Rp), dynamical
tides will be replaced by a quasi-equilibrium tide and mass
transfer will occur on the (different) dissipation timescale
for equilibrium tidal friction. We note that circularization
is itself a runaway process, because the transfer of orbital
energy into the star reduces the time for the next pericen-
ter encounter. Although the sum in Eq. 21 can be written
explicitly as a Hurwitz zeta function for N  1, in practice
tcirc ∼ torb provided |E0| . ∆E.
However, successful circularization requires the star to
radiate at least its own binding energy. The ratio Ec/E? =
(M•/M?)2/3/(4λ)  1 at late times when M•  10M,
and ∼ 1 when M• ∼ 10M. If energy is dissipated into the
star faster than it can be radiated, then the star will expand
in response. This process will itself rapidly run away (as
the lowest-order ` = 2 modes have ∆E0/E? ∝ R6?, where
E? = GM
2
?/R?), likely culminating in disruption (Ivanov &
Papaloizou 2007). The criterion for this is whether or not
the Kelvin-Helmholtz time tKH = GM
2
?/(R?L?) is greater
than the inflation timescale
tinfl = torb
(
E0
∆E
)3/2 N∑
i=0
1
(E0/∆E + i)3/2
. (22)
Here N ≈ 0.1E?/∆E  N is the number of orbits required
to double ∆E, assuming crudely that R−1? ∝ E? +N∆E.
If tKH  tinfl, the star will disrupt on the inflation
timescale, likely through a series of partial tidal disrup-
tions that run away. In practice, tKH is generally much
longer than other timescales relevant for the tidal capture
problem, so that inflation is a plausible outcome. Although
tinfl ∼ tcirc ∼ torb, N  N for all but the smallest (∼ 1M)
SBHs, so stars tidally captured around BHs are unlikely to
circularize prior to runaway inflation (Novikov et al. 1992).
The star begins to disrupt at a characteristic semimajor axis
ad ∼ R?(M•/M?). (23)
In general Rt  ad  Ra.
The one caveat to this analysis is that the classical
Kelvin-Helmholtz time may severely overestimate how long
the heat requires to radiatively diffuse out of the star if it
is deposited in less optically thick outer regions. If the effec-
tive Kelvin-Helmholtz time can be shrunk by a factor & 104,
then it will shrink below tinfl and stars can be consumed by
stable mass transfer (Dai & Blandford 2013) rather than in a
sequence of runaway partial disruptions. The final outcome
is generally similar: the SBH gains an order unity fraction
of the star’s mass, although over a much longer timescale if
tidal heating radiates away.
Crucially, the above picture assumes a tidal capture bi-
nary evolving in isolation. Both circularization and runaway
consumption can be derailed (or expedited) by orbital per-
turbations from other, unbound, stars. Such a tidally cap-
tured star can be ionized due to strong perturbations (i.e.
another star passing within the secondary’s Hill sphere) af-
ter a time
tion = pi
−1σ−1n−1? R
−2
a
(
M•
M?
)2/3
. σ
3
pincG2M2•
. (24)
Here we have taken the limit of gravitationally unfocused
encounters, as the orbital apocenter Ra & GM•/σ2, typi-
cally.
On much shorter timescales than this, the angular mo-
mentum of a tidally captured star can be perturbed into
weaker or stronger tidal interactions with the BH. The
timescale for an order unity change in orbital angular mo-
mentum due to two-body stellar perturbations is
tJ =
J2orb
〈(∆J)2〉 ≈
λ
4pi
R?M
4/3
• σ
GM¯2?ncR2aM
1/3
? ln(bmax/bmin)
. (25)
Here J2orb ≈ 2λGM•Rt is the specific angular momentum of
the tidally captured star, and 〈(∆J)2〉 is the specific angu-
lar momentum diffusion coefficient; we take bmax = rc and
bmin = 2GM?/σ
2. Importantly, stochastic changes in orbital
angular momentum can halt mode excitation and prevent a
captured star from inflating in radius, provided the pericen-
ter moves outward. Alternatively, a pericenter that random
walks inward could see an acceleration in the inflation of its
envelope. The first of these processes is favored because of
the larger available phase space away from J = 0 in a 3D
random walk, so a captured star cannot be quickly consumed
if tJ is short.
We illustrate the relative timescales for these processes
in Fig. 6. When M• is small, the shortest timescale is the
orbital period torb, followed by tinfl. When tinfl < tJ, ther-
malization of mode energy will result in repeated partial
disruptions and eventually the full disruption of the star;
when tJ < tinfl, this can still occur, but most stars will also
random walk to large, non-interacting values of angular mo-
mentum, a possibility we address momentarily. In general,
the Kelvin-Helmholtz time is too long to affect the evolu-
tion of a tidally captured star, and while tcirc ∼ tinfl, the
fact that N  N prevents circularization and stable mass
transfer from occurring. Generally, tion  tJ.
The preceding discussion has focused on the tidal cap-
ture of a single star by a SBH; however, once the black hole
has entered the runaway growth regime, it will begin tidally
capturing stars at intervals less than tinfl (especially if an-
gular momentum relaxation delays stellar consumption). At
this point multi-body interactions will become important. If
the BH is orbited by NTC tidally captured stars that have
been unable to circularize or expand through mode thermal-
ization (i.e. have random walked to slightly larger pericenter
values), most will possess orbital apocenters Ra ∼ GM•/σ2,
and they will map out a 3D density profile
nTC(R) =
3NTC
8piR3a
(
R
Ra
)−3/2
. (26)
In general, this “mini-cusp” will have a much higher density
than the surrounding star cluster, and will be prone to di-
rect physical collisions between the stars it contains. These
collisions will destroy the involved stars if they occur at a ra-
dius R . ad, which is also the radius at which gravitational
focusing of encounters between mini-cusp stars becomes im-
portant. Destructive collisions primarily happen at orbital
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Figure 6. Different timescales relevant for the evolution of tidally
captured stars. The shortest is often the orbital time, torb, shown
in blue, although for large values of M• it is the angular momen-
tum relaxation time tJ, shown in green. The time for the star
to enter a runaway inflation regime, tinfl (black solid), and the
time for orbital energy loss to circularize the orbit of the cap-
tured star, tcirc (black dotted) are each small multiples of torb.
Because tinfl < tcirc, only the former process is relevant. The bi-
nary ionization timescale tion is shown in purple, and is generally
greater than tJ. The longest timescale in the problem (not shown)
is the Kelvin-Helmholtz time for a captured star to radiate dis-
sipated mode energy. When tinfl < tJ (regime I), captured stars
are efficiently consumed via a series of runaway partial tidal dis-
ruptions. When tJ < tinfl < tion (regime II), stars will quickly
random walk to larger pericenters where tidal forces are initially
irrelevant, but may still inflate and be disrupted through collisions
with other tidally captured stars. When tion < tinfl (regime III),
captured stars cannot inflate significantly before being ejected or
swapped out by encounters with unbound stars. In this diagram,
σ = 60 km s−1, nc = 108 pc−3, and we have used a Kroupa IMF
truncated at a maximum mass of 1M.
pericenter at a per-star rate
N˙des ∼3N?R
2
?σ
7
8G3M3•
(27)
∼4× 10−6 yr−1N?
10
(
R?
R
)2(
σ
40 km/s
)7(
M•
10M
)−3
.
In contrast, weaker (soft) coagulative collisions happen pref-
erentially at apocenter, with a per-star rate
N˙coag ∼3N?M?R?σ
5
4G2M3•
(28)
∼10−3 yr−1N?
10
M?
M
R?
R
(
σ
40 km/s
)5(
M•
10M
)−3
.
Generally, coagulative collisions happen at rates orders of
magnitude higher than destructive ones, which we hereafter
neglect. These stellar mergers will nonetheless deposit huge
amounts of kinetic energy into the merger product; much
of this will thermalize promptly due to shocks, inflating the
star to the point where it can likely be tidally disrupted on
a subsequent pericenter passage, or grow to a size where it
could engulf the central BH.
The few-body dynamics of these tidal capture mini-
cusps are likely complex, as scalar resonant relaxation of
stellar orbits should be suppressed by GR apsidal preces-
sion (Hopman & Alexander 2006), even vector resonant re-
laxation may be likewise suppressed if the BH is spinning
(Merritt & Vasiliev 2012), and the number of stars may be
too few for standard two-body relaxation approximations
to hold. Nonetheless, basic density considerations indicate
that direct collisions should be frequent, and the aftermath
of these will be inflated stars that are easily disrupted by the
BH. Once the BH has grown to a very large size, typically
& 103M, ionization of tidally captured stars in encounters
with unbound stars will become frequent (tion < torb < tinfl).
At this point tidal capture may turn off as a growth channel,
leaving only full tidal disruptions to grow the BH.
We therefore conclude that tidal capture events gener-
ally result in delayed tidal disruptions due to inflation of the
captured star: this occurs either as a result of runaway mode
excitation (in analogy to Li & Loeb 2013), or following the
thermalization of direct soft collision kinetic energy. These
delayed tidal interactions might be quite different from stan-
dard TDEs in that they involve interaction of the BH with
stars that have radially inflated and are possibly more mas-
sive than normal stars. We will assume that the end point
of such events is the consumption of the bulk of the mass of
the normal star by the SBH. This will likely occur at super-
Eddington rates while the black hole is small. Such super-
Eddington accretion disks may lose some mass in outflows,
though the exact amount is still debated in the simulation
literature (Jiang et al. 2014, for example, find ≈ 30% of
the inflowing mass lost in a wind). We neglect mass loss in
super-Eddington outflows, but emphasize that it could be-
come important for SBH growth if it reaches an order unity
fraction of the mass inflow rate.
4 PHASE-SPACE DIFFUSION AND
FEW-BODY DYNAMICS
The analytic description of runaway SBH growth presented
in the prior section neglects some basic dynamical processes
that are difficult to account for in a closed form. For this
reason, we have performed two sets of simple numerical sim-
ulations to test the validity of our analytical prescriptions
in a more realistic, dynamical setting.
The first set are one-body orbital integrations of single
SBHs in an analytic background potential representing an
NSC. The SBH’s diffusion through phase space is treated
analytically through calculation of the diffusion coefficients
(e.g., Binney & Tremaine 2008) at each time step and respec-
tive modification of its velocity vector. The background po-
tential is taken as static and only evolves if the SBH “feeds”
on it, i.e., by (probabilistically) capturing or disrupting a
star, which reduces the mass of the NSC. Moreover, the
scale radius of the background potential can expand due
to dynamical heating from the SBH. These highly idealized
simulations are valuable for testing our approximate “nΣv”
estimates, and the influence of phase-space diffusion on the
growth rates of the SBHs.
The second set of simulations are few-body integrations
of a small number of SBHs in the same type of background
potential. These simulations are significantly more realistic
in that they include mergers of SBHs and their dynamical
ejections through gravitational-wave recoils or few-body in-
teractions. They provide a more physical test of the analytic
model of §3. Comparisons of our analytic prescriptions with
results from both sets of simulations are presented in the
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Figure 7. A comparison between analytic predictions (lines),
one-body integrations (circles), and direct few-body integrations
(crosses). For all three types of calculations, we show the runaway
parameter τ for SBHs in unconcentrated Plummer spheres, where
M˙• ≡M4/3• /τ . For the analytic predictions, we use Eq. 14, while
we measure this from simulation data by following the time evolu-
tion of the most massive surviving black hole. The general agree-
ment between analytic theory and few-body integrations (which
all employ 10 SBHs) validates our single-body analytic growth
rate approximation for dense star systems.
following. For a detailed description of the numerical simu-
lations see Appendix E.
4.1 Simulation results
In Fig. 7, we show how analytic, single-body and few-body
estimates of the growth rates of SBHs in NSCs compare. For
this purpose, we define a “runaway time scale” τ such that
Eq. 14 can be written as
M˙• = M
4/3
• /τ, (29)
with τ having dimension Myr M
1/3
 . Solving this equation
for M• gives us the mass of the SBH with time
M•(t) =
(
− t− t0
3τ
+M
−1/3
•,0
)−3
. (30)
The runaway time scale can therefore be calculated from
any two snapshots of a numerical simulation using
τ = −3M•(t)
−1/3 −M−1/3•,0
t− t0 . (31)
As we can see in Fig. 7, the deviations between the analytic
predictions and the numerical simulations is small across a
wide range of NSC velocity dispersions, σeff , relevant for
our study. Moreover, few-body dynamical effects, such as
ejections and mergers, have a low but highly stochastic ef-
fect on the runaway time scales. In general, it appears that
our analytic prescriptions reliably describe the rate at which
SBHs gain mass from interactions with unbound stars in
both the one-body and few-body regimes. As noted earlier,
these prescriptions likely break down if a self-gravitating,
Spitzer-unstable subcluster of SBHs can form, but such a
phase of cluster evolution is likely short-lived, eventually
culminating in the few-body regime probed by our simula-
tions.
In reality, the assumptions underlying the initial phase
of super-exponential growth will break down once the an
SBH seed has grown large enough to dominate the potential
surrounding it, as we quantify in the following section. The
importance of multi-SBH effects (which already appears to
be small, based on the results in Fig. 7) will also diminish,
as remaining SBHs are efficiently ejected from the centers of
clusters with a massive IMBH (Leigh et al. 2014b).
5 OUTCOMES OF RUNAWAY GROWTH
Although two effects (binary ionization, angular momentum
diffusion) will begin impeding tidal capture runaways once
the SBH has grown to a mass M• ∼ 102−3M, neither of
these can cleanly terminate the runaway, as each becomes
much smaller if the initial pericenter of capture is moved
somewhat inward. They can therefore be thought of as mod-
est reductions in the tidal capture cross-section. Even if tidal
capture were completely deactivated, IMBH growth through
tidal disruptions would continue so long as debris streams
were not deflected by perturbations from cluster stars. Thus
tidal disruption continues to grow the black hole provided
n? .2−15/4β−3/4R−3?
(
M•
M?
)−3/2
(32)
.6× 109 pc−3β3/4m3/2? r−3?
(
M•
108M
)−3/2
.
Tidal disruptions therefore can continue to grow the IMBH
up to very large masses in any realistic star cluster, and the
factor of λ reduction in their cross-section (relative to tidal
capture) will matter little in the runaway growth regime.
Since accretion and binary physics seem unlikely to de-
activate tidal growth channels, the termination of the run-
away must instead have a stellar dynamical origin. In this
section, we identify three stages of black hole growth through
star capture that correspond to three different BH mass
ranges. The first stage is the one we have considered so
far in this paper, where the SBH drifts through a cluster
core whose stars have not yet been depleted through tidal
capture/disruption. In this stage, the rate of SBH growth
is M˙• = n?M?Σσ ∝ M4/3• . During this (and later) stages,
the black hole moves in the almost flat potential of the clus-
ter core. Its orbit can be thought of as Brownian motion:
damped (by dynamical friction) and stochastically driven
(by diffusive scatterings) movements in a simple harmonic
oscillator (Bahcall & Wolf 1976; Chatterjee et al. 2002a,b).
The RMS value of the black hole’s orbital radius is
〈r2w〉 ≈ M?
M•
r2c . (33)
There is an order unity prefactor in rw which depends on the
details of the star cluster distribution function; we neglect
it for simplicity. For the remainder of this section we take
M? to be the average stellar mass in the cluster’s present
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day stellar mass function. Because even the gravitationally
focused tidal capture radius
√
2RTCGM•/σ2  rc, it is
unlikely that the BH can ever deplete its “wandersphere.”
However, as the BH grows, very quickly the wandersphere
will recede inside the influence radius r• ≡ GM•/σ2c .
Once r• > rw, the BH is no longer swimming through a
sea of stars but is instead orbited by a bound minicluster and
a much larger cluster of unbound stars. At this point the rate
of tidal consumption may no longer be well approximated
by an nΣv calculation. The end of the first stage of SBH
growth occurs once it reaches a mass
Mw = M?
(
6(pi2/8− 1)
pi
)2/3(
Mtotrc
M?rh
)2/3
M? (34)
which is generally small, Mw ≈ Mc(M?/Mtot)1/3 ∼
101−3M. If large stellar mass black holes (e.g. if star forma-
tion occurs at low metallicity; Belczynski et al. 2010) exist
at the birth of a small or highly concentrated cluster, the
first growth stage may be bypassed all together.
In the second stage of black hole growth, the rate of
star consumption is still confined to the NSC core but is
now diffusion-limited, as in the classical loss cone problem
(Frank & Rees 1976; Lightman & Shapiro 1977; Cohn &
Kulsrud 1978). We estimate diffusion-limited consumption
rates using the simplified formalism of Syer & Ulmer (1999),
who find that the stellar consumption rate is N˙ = N˙<+N˙>,
where
N˙< = 4pi
∫ rcrit
0
G2ρ2r2
kσ3
ln Λ
ln(2/θLC)
〈M2? 〉
M2?
dr (35)
and
N˙> = 4pi
∫ ∞
rcrit
GM•Rtρ
rM?σ
dr (36)
are the stellar consumption rates in the empty and full
loss cone regimes, respectively. We note that σ(r) =√
σ2c +GM•/r in these integrals; the angular size of the loss
cone θ2LC ≡ GM•Rt/(σ2r2). We have used the second mo-
ment of the present day stellar mass function, 〈M2? 〉. The
critical radius rcrit is the location where the per-star con-
sumption rate is equally partitioned between the full and
empty loss cone regimes. It can be found by solving the
equation
rcrit = 2pi
2k
ln(2/θLC)
ln Λ
rhσ
2(rcrit)
GMtot
M•M?
〈M2? 〉 Rt, (37)
for rcrit (which cannot be done in closed form, as θLC is a
function of rcrit). The dimensionless constant k ≈ 0.34 is a
numerical prefactor from the relaxation time (Eq. 5).
During the second stage of BH growth, rw < r• < rc.
Initially, N˙>  N˙< and most of the consumed stars come
from the full loss cone regime; the total consumption rate
here is comparable to our earlier nΣv estimate, and still
scales as M˙• ∝ M4/3• . As the black hole grows further, the
two regimes of loss cone fueling become comparable in mag-
nitude, slowing the runaway. However, the IMBH growth
rate remains roughly exponential until the entire cluster core
has been consumed, at which point N˙> becomes subdomi-
nant and N˙ quickly decelerates.
Neglecting the full loss cone regime, we can find an
asymptotic late time (large M•) solution. In the empty loss
cone regime, most of the stellar flux into the loss cone orig-
inates from the smaller of rcrit and r•. Generally, rcrit < r•,
in which case we find that N˙ ≈ N˙< ∝ M−11/12• (here we
have also neglected the weak dependence of N˙ on logarith-
mic functions of M•). More precisely, we find under this
approximation (and assuming that rc  rh) that
N˙< ≈ 2
5/4
pi5/2k3/4
(
ln Λ
ln(2/θLC)
)3/4(
M?
〈M2? 〉
)1/4(
GMtot
rh
)7/4
(38)
×G−5/4R1/4? M−1/12? M−11/12• .
Star capture predominantly in the empty loss cone regime
(after the IMBH has reached a mass M• ∼ Mc) marks the
third and final phase of black hole growth in NSCs. Inte-
grating M˙• = N˙<(M•)M?, we see that the black hole mass
converges to a late-time value that only depends strongly on
σ:
Msat ≈1.6
(
ln Λ
ln(2/θLC)
)9/23(
σ
7/2
c t
V
5/2
? R?
(
M2?
〈M2? 〉
)1/4)12/23
(39)
≈6× 105M σ42/2340
(
t
1010 yr
)12/23
.
In the second of these equations we have taken typical stel-
lar masses and radii from a Kroupa IMF, and have used
M• = 105M inside the logarithmic terms (though the final
prefactor depends only weakly on this choice). We have also
used the shorthand V? ≡
√
GM?/R?.
This “saturation mass” is reached at late times after the
entire cluster core has been consumed, provided the IMBH
does not grow through other means (e.g. AGN activity).
Our model therefore makes clear predictions for the mass of
IMBHs grown through the mechanisms in this paper, pre-
dictions which to first order depend only on σ. We note
that because of the approximate one-to-one correspondence
between σ and the velocity dispersion of the host galaxy
(Leigh et al. 2015), this is in principle testable even when
the NSC cannot be resolved. We compare these predictions
to observations in §6.
When M• is relatively small, rcrit < r• and the above
approximations are valid for the saturation mass; in this
regime rcrit/r• ∼ (σ/V?)(M•/M?)1/6. For high-σ NSCs, it is
possible for SMBHs in the diffusion-limited growth regime
to grow to the point where r• < rcrit, in which case the
asymptotic growth rate formula changes somewhat. In this
limit we find a similar but simpler version of Eq. 39,
M ′sat ≈2.9
( 〈M2? 〉
M2?
)1/2(
ln Λ
ln(2/θLC)
)1/2(
M?σct
G
)1/2
(40)
≈1.7× 106Mσ3/240
(
t
1010 yr
)1/2
.
This extremely simple formula (M ′sat ∼
√
M?σ3c t/G) repre-
sents the final saturation mass for an IMBH growing through
tidal capture of stars in a cluster with Mc < M• < Mtot,
but in practice it is only reached for high-σ systems; lower
ones saturate at the similar mass given by Eq. 39, which has
slight differences in the prefactor and scaling exponents.
The overall growth history of example IMBHs is shown
in Fig. 8. Notably, SBHs that are able to enter the runaway
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Figure 8. The mass growth histories of SBH seeds and developing
IMBHs in our model; we plot M˙• in as a function of black hole
mass for clusters with initial central densities ρc = 108 pc−3
(i.e. on the cusp of runaway growth for a M• = 10M seed. The
purple, blue, and green curves have initial core radii rc = 0.01 pc,
rc = 0.03 pc, and rc = 0.1 pc, respectively, corresponding to
different velocity dispersions which are labeled in the plot. The
three dots along each curve label M• at times 108 yr, 109 yr,
and 1010 yr after the SBH enters the cluster core with a mass of
M• = 100M.
regime within a Hubble time often require periods of super-
Eddington growth; throughout this paper we assume that
these rates of mass inflow are possible, but we emphasize
here that such an assumption is still an open question in
the accretion literature (Jiang et al. 2014; Sa¸dowski et al.
2015).
Another notable feature of our scenario is that SMBH
seeds formed through tidal capture runaways are likely born
with negligible spin. Although the onset of the runaway may
involve tidal captures of the innermost stars, once diffusion-
limited growth begins, it will come primarily from stars on
radial orbits taken from more distant regions of the star
cluster. Even if the cluster is endowed with net rotation,
such rotation is unlikely to be imprinted on the almost radial
orbits vulnerable to tidal capture or disruption. In contrast,
SMBHs that have grown substantially through comparable-
mass mergers or through accretion from gas inflows on larger
scales will generally approach larger values of spin (Berti
& Volonteri 2008), though this can be prevented if mass
accretion is dominated by short-lived episodes of gas inflow
from random directions (King & Pringle 2006).
6 COMPARISON WITH OBSERVATIONS
So far, we have seen that clusters of sufficiently high central
density and velocity dispersion will enter a runaway (super-
exponential) phase of BH growth. This runaway regime be-
gins slowing as the loss cone depletes, and then putters out
into a slower diffusion-limited growth rate once the BH has
eaten the entire core of its host cluster. Even at this more
modest diffusion-limited rate, however, BHs can grow signif-
icantly over a Hubble time by tidal capture and disruption.
In this section, we compare the predictions of our model
to the observed demographics of NSCs, and to signatures
of massive black holes in galactic nuclei. These two data
sets present several tests of our model, best formulated as
questions. Do we see NSCs unstable to a tidal capture run-
away that lack massive central black holes? And do we see a
SMBH mass distribution in galactic nuclei that falsifies our
model of SMBH seed formation?
6.1 Observed NSCs
Using the simple analytical estimates for tidal capture rates
that we derived in §3 and validated in §4, we can now ex-
amine observed NSCs to determine their tidal capture run-
away timescales. Fig. 9 plots the tidal capture rate N˙TC as a
function of 1D cluster velocity dispersion σ¯ (as before, this
is estimated using the fitted cluster mass and radius) for an
SBH with M• = 10M, assuming that there is no IMBH or
SMBH to modify the central potential. We note that esti-
mates of the tidal capture rate are uncertain by one order of
magnitude because of a factor ≈ 3 uncertainty in the fitted
cluster concentration parameter. Specifically, all clusters in
this sample were fit to a grid of King models, but this grid
was coarsely sampled in the dimension of rc: the only possi-
ble concentrations were 5, 15, 30, and 100 (Georgiev, private
communication).
Many of the NSCs in Fig. 9 have tidal capture rates
N˙TC & 10−8 yr−1, indicating that they are formally unsta-
ble to runaway SBH growth through tidal capture. These
NSCs generally have σ¯ & 30 km s−1, and in some cases have
truly enormous TC rates (due to their high central densi-
ties). We highlight here two systematic uncertainties that
may cause substantial error in our estimates of central den-
sity and derived quantities such as N˙TC: first, the grid of rc
only extends up to concentrations C = 100, meaning that
many clusters may be even more concentrated and have even
higher N˙TC. Secondly, the estimates of cluster mass Mtot as-
sume a constant mass-to-light ratio, and do not account for
color gradients due to dynamical or primordial mass segre-
gation. Both of these effects concentrate surface brightness
in the center of the NSC and cause an overestimation of clus-
ter concentration C. Observations of individual NSCs often
find color gradients, but the direction of the gradient can
vary from cluster to cluster (Kormendy & McClure 1993;
Matthews et al. 1999; Carson et al. 2015). A careful resolu-
tion of these two uncertainties is important, but will have
to wait for future observational work.
We also can compare our predictions to the smaller
number of galaxies which have both NSC mass measure-
ments (or upper limits) and dynamical SMBH mass mea-
surements (or upper limits). In Fig. 1 we show our prediction
for saturation mass Msat for massive black holes that have
been growing through star capture for a Hubble time. We
plot Msat, and measured NSC/SMBH masses, against the
host galaxy’s effective dispersion σeff , which is comparable
to the NSC internal velocity dispersion (Leigh et al. 2015).
We find that the smallest SMBHs with dynamically mea-
sured masses (106M . M• . 107M) are within a factor
of a few of Msat. In galaxies with a larger σeff , SMBH masses
are much larger than Msat, implying that other mechanisms
dominate the growth of these SMBHs, in agreement with the
Soltan argument. In smaller galaxies with σeff . 40 km s−1,
dynamical mass measurements only put upper limits on the
presence of an SMBH, and these upper limits are generally
well below the predicted saturation mass. This implies that,
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Figure 9. Tidal capture rates, N˙TC, plotted against 1D NSC
velocity dispersion σ¯. In all of these calculations N˙TC is pre-
sented for M• = 10M. The dashed and dotted black ellipses
show the 1− and 2−σ contours. Notably, many of the more mas-
sive NSCs are above the solid red line and have tidal capture
runaway timescales < tH, indicating that they may already har-
bor unresolved massive black holes. Almost no NSCs exist in the
runaway regime that have σ¯ < 30 km s−1.
as expected, a tidal capture runaway has not occurred in
these low velocity dispersion systems.
This low-σeff result is in reasonable agreement with our
prediction that NSCs must have a minimum central density
in order to begin growing SBHs through runaway star cap-
ture. As we see in Fig. 9, it is only NSCs with σ¯ & 30 km s−1
that possess high enough central density to enter the run-
away regime within a Hubble time. This impressive pair of
observational coincidences - the lack of SMBHs in galaxies
with σ¯ . 40 km s−1 and the unfavorably low central densi-
ties of NSCs in galaxies with σ¯ . 30 km s−1 - is a nontrivial
piece of circumstantial evidence in favor of our model for the
birth of massive black holes in galaxies of moderate velocity
dispersion.
6.2 Observed IMBHs
The evidence for IMBHs in the nuclei of dwarf or other
galaxies is mixed, but these observations are a crucial dis-
criminant between models of SMBH seed formation, which
predict very different minimum IMBH masses: ∼ 102−3M
for Pop III supernovae, ∼ 103−4M for traditional “run-
away collision” scenarios, and ∼ 105−6M for direct collapse
of high-z minihalos. In our scenario, we expect a distribu-
tion of black hole masses; if the runaway time is  tH, then
typically M• ∼ Msat(tH, σ). It is possible for our scenario
to produce smaller IMBHs in clusters where the runaway
time is ∼ tH, but because this requires some tuning we ex-
pect these to be rare. Our model therefore predicts a general
minimum IMBH mass at Msat(tH, σ), and the distribution
or even existence of small IMBHs offers a promising way to
falsify our predictions.
Due to the difficulty of dynamical mass measurements
in dwarf galaxies, the most common avenues for IMBH de-
tection are indirect. Searches for AGN in dwarf galaxies have
returned many hundreds of promising candidates (Greene &
Ho 2004; Reines et al. 2013). The smallest of these have lower
mass limits M• & 103−4M based on luminosity arguments
(Moran et al. 2014). A smaller number of dwarf galaxies have
dynamical mass estimates for central BHs; one particularly
exciting recent result found a M• ≈ 5× 104M (Baldassare
et al. 2015). We note that other, future, avenues for IMBH
detection do exist. For example, the halo of the Milky Way
galaxy may host many IMBHs left over from the interplay
between hierarchical structure formation scenarios and GW
recoil during IMBH-IMBH mergers (?Merritt et al. 2009).
While these wandering IMBHs are in principle detectable by
the hypercompact stellar systems that surround them, none
have been found to date (O’Leary & Loeb 2012).
The existence of a large population of IMBHs with
M•  Msat would not be expected in the context of our
model, and there is not yet clear evidence that such a pop-
ulation exists.
6.3 Tidal Disruption Rates
A final consistency check for our model is the rate of stel-
lar tidal disruption events. From Fig. 8 we see that an NSC
hosting a massive black hole of mass M• = 105M should
be tidally disrupting stars at a rate 10−5 yr−1 . N˙ .
10−3 yr−1, depending on the host NSC σ. These numbers
are roughly consistent with empirically calculated rates of
stellar tidal disruption (Stone & Metzger 2016), although
we caution that these empirical TDE rates are based on ex-
trapolating directly determined TDE rates in larger galaxies
down to smaller masses (where surface brightness profiles
cannot be resolved on the relevant scales).
A more useful constraint is the volumetric tidal dis-
ruption rate, as this is dominated by the smallest galax-
ies which host central massive BHs (Wang & Merritt 2004;
Stone & Metzger 2016). Although our current sample of ob-
served tidal disruption flares is small and suffers from selec-
tion effects (roughly a dozen optically selected events, and
a similar number detected through soft X-ray emission), it
appears that the volumetric event rate inferred from obser-
vations is at the extreme low end of theoretical predictions
(van Velzen & Farrar 2014; French et al. 2016), which may
imply an absence of low mass (M• . 106M) black holes in
the low redshift universe (Stone & Metzger 2016). Although
individual TDEs may arise from smaller IMBHs5, a high oc-
cupation fraction of IMBHs in dwarf galaxies would be hard
to reconcile with the observed low volumetric TDE rate.
We note here that past works have shown that star cap-
ture can contribute significantly both to the mass growth
of small SMBHs (Magorrian & Tremaine 1999), and to the
lower end of the X-ray AGN luminosity function (Milosavl-
jevic´ et al. 2006). However, these past arguments have been
based on present-day observations of low-mass SMBHs and
their host galaxies. The most novel contribution of this
paper is the self-consistent evolutionary picture we have
presented, which shows how these low-mass SMBHs must
emerge from NSCs above a certain ρc and σ threshold.
5 For example, an X-ray selected TDE flare was recently found
in a small dwarf galaxy. If we infer the BH mass from stan-
dard galaxy scaling relations, we find 105.1 . M•/M . 105.7
(Maksym et al. 2014).
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7 CONCLUSIONS
We have shown that stellar mass black holes in nuclear star
clusters will undergo runaway growth into IMBHs through
tidal interactions with cluster stars. At early times (M• .
100M) this process is super-exponential and is dominated
by unbound stars. At intermediate times (100M . M• .
Mc) black hole growth is dominated by bound stars from
the full loss cone regime and is initially super-exponential,
but slows as the cluster core depletes. At later times, the
IMBH has eaten the entire mass of the cluster core and its
diffusion-limited growth slows substantially, saturating at a
finite value Msat ∝ σ42/23t12/23 ∼ 105−6M, as derived in
Eq. 39 (or, for high-σ systems, at a value M ′sat ∝ σ3/2t1/2).
Thus the final mass of a massive black hole grown solely
through tidal interactions with stars in an NSC depends
primarily on the NSC velocity dispersion σ.
We emphasize that theoretical uncertainties remain
concerning both the processes of tidal disruption and tidal
capture. In the simplest models for tidal disruption events,
exactly 1/2 of the stellar mass is bound to and accreted by
the black hole (Rees 1988); however, it is possible that the
dissipative processes required to form an accretion disk may
unbind a large fraction of the initially bound gas (Ayal et
al. 2000; Metzger & Stone 2015). Whether this occurs in
practice is an open question in TDE research. Even if this
type of “leakiness” deactivates tidal disruption as a growth
channel, tidal captures will continue to grow the black hole.
While this channel may deactivate at higher (∼ 103−4M)
IMBH masses, this is not certain, and the buildup of a tight
cluster of bound stars may lead to a cascade of soft colli-
sions, inflating the stars and allowing them to be consumed.
We also note that both channels imply that a SBH seed
that grows into an IMBH or SMBH in a Hubble time will
likely pass through phases of super-Eddington growth; this
is commonly assumed to be possible in the tidal disruption
literature but the exact accretion physics remains uncertain.
In order for runaway growth to occur, the star clus-
ter must be dense, with a SBH-star tidal interaction rate
N˙•? & 10−8 yr. This corresponds to physical (cluster core)
densities nc & 107 pc−3. From a theoretical perspective,
such densities are achievable in a NSC that enters a state
of core collapse. Although we consider additional physical
processes such as dynamical friction and the finite time re-
quired for binary burning, we are in general agreement with
the argument of Miller & Davies (2012) that primordial bi-
naries should not be able to halt core collapse in clusters
with σ & 40 km s−1.
The scenario presented in this paper differs from anal-
ogous “collisional runaway” scenarios in the literature by
its delayed nature. Previous runaway scenarios typically in-
voke much higher densities ρc so that either a supermassive
star can be formed on a timescale short compared to the
stellar evolution time ∼ 106 yr (Katz et al. 2015), or so that
runaway GW capture can occur in a dark subcluster of com-
pact remnants without termination due to ejection (Davies
et al. 2011). Unlike these scenarios, ours unfolds over longer
timescales and is therefore not as promising a candidate for
production of high-z quasars. However, the central stellar
densities required by our scenario appear achievable in many
current low-z NSCs, making a process like the one described
in this paper relevant for the evolution of small galactic nu-
clei. More specifically, we expect massive black holes to be
largely absent from NSCs with σ . 40 km s−1, and generally
present in larger NSCs.
The general physical considerations outlined above ap-
pear to be consistent with current observational data on
NSCs. Firstly, the distribution of dynamically measured
SMBH masses and mass upper limits is in good agreement
with the predicted transition σ from the Miller & Davies
(2012) argument, and SMBH masses above this transition
σ agree with our predicted saturation mass Msat. In signifi-
cantly larger galaxies, M• Msat, implying SMBH growth
in this regime is dominated by non-tidal processes, as is ex-
pected from the Soltan-Paczynski argument. Secondly, we
analyze the NSC sample of Georgiev & Bo¨ker (2014) and
find that essentially no NSCs with σ . 40 km s−1 are dense
enough to be unstable to a tidal runaway. For a sufficiently
large velocity dispersion system, we predict either a SMBH
grown up to the saturation mass via the tidal processes we
have discussed, or one which has passed this point and has
grown to still larger mass via large scale gas accretion.
In this paper, we have shown that tidal capture and dis-
ruption of stars will inevitably grow stellar mass black holes
into IMBHs or SMBHs in less than a Hubble time provided
the host star cluster is sufficiently dense. Although large
SMBHs in the universe ultimately grow via other mecha-
nisms (Soltan 1982), the processes outlined in this paper
appear sufficient to explain the bottom end of the SMBH
mass function. The critical density required to initiate run-
away growth is not observed to occur in the smallest NSCs,
as we expect from simple theoretical considerations first out-
lined in Miller & Davies (2012). However, larger NSCs of-
ten exceed this central density threshold, and many of these
NSCs likely possess unresolved massive black holes. The pre-
dictions of our model would be improved by future dynam-
ical work to determine the evolution of tight stellar clusters
formed by tidal capture, as well as hydrodynamical simula-
tions of TDEs that robustly determine the fraction of stellar
mass accreted. On the observational side, X-ray observations
(Pandya et al. 2016, for example) of the densest NSCs may
be useful for determining the present-day rate of black hole
growth in these dynamically rich systems.
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APPENDIX A: DISTRIBUTIONS OF NSC
PARAMETERS
In this paper, we frequently compare simple theoretical pre-
dictions to distributions of observed properties in a large
sample of real NSCs. Our sample includes 22 NSCs from
Bo¨ker et al. (2004), 51 NSCs from Coˆte´ et al. (2006),
and 151 NSCs from Georgiev & Bo¨ker (2014). After dis-
carding 10 NSCs that overlap between these samples we
are left with 214 unique NSCs in our broader sample,
207 of which have been fit to three-parameter King mod-
els (King 1966) for which the total mass Mtot, half-mass
radius rh, and concentration parameter C are measured.
Because of computational limitations, only a small num-
ber of values are considered for the concentration param-
eter: C ∈ {5, 15, 30, 100}. For this reason “cluster-averaged”
quantities such as ρ¯ should be considered much more re-
liable than “cluster-central” quantities such as ρc, and for
many of these clusters we only have lower limits on their
concentration and central density.
In Figs. 2 and 3 we fit 2D Gaussians to various com-
binations of derived and measured parameters. In the hope
that these may be of use to the reader, we provide our best
fit relations in Table A1.
APPENDIX B: GRAVITATIONAL WAVE
CAPTURE OF COMPACT OBJECTS
In a core-collapsed cluster, the densities of compact objects
will be much higher than those of main sequence stars.
By compact objects, we refer only to neutron stars and
other stellar-mass black holes, as white dwarfs are large
enough to be tidally disrupted by black holes up to masses
of MBH ≈ 105M. Denser objects will emit significant en-
ergy in gravitational radiation during close encounters. An
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unbound pair of compact objects can thus become bound
via a gravitational brehmsstralung process; the maximum
impact parameter for this to occur is (Peters 1964; Quinlan
& Shapiro 1987)
bGW =
(
340pi
3
)1/7
GMtot
c2
η1/7
(v∞/c)9/7
(B1)
= 7.7R
Mtot
20M
(
η
1/4
)1/7 ( σ
40 km s−1
)−9/7
,
corresponding to a maximum pericenter distance of
Rp,GW =
(
85pi
6
√
2
)2/7
GMtot
c2
η2/7
(v∞/c)4/7
(B2)
= 0.013R
Mtot
20M
(
η
1/4
)2/7 ( σ
40 km s−1
)−4/7
,
where the symmetric mass ratio η = M1M2/M
2
tot and v∞ is
the velocity of the two compact objects at infinity. In the sec-
ond line of this equation we have set v∞ = σ. Following this
capture event, the compact object binary will evolve from
an extremely high-eccentricity orbit under the influence of
gravitational radiation.
The very small cross-section for GW capture disfavors
this SBH growth mechanism relative to tidal interactions
with stars. GW capture is further disfavored by the large
recoil velocities the SBHs will receive due to anisotropic
emission of GWs during their merger. These velocities are
typically & 100 km s−1, but with a long tail going up to
∼ 5000 km s−1 (Lousto et al. 2012). This is large enough to
eject the merged SBH from not just its NSC, but frequently
even its host galaxy and halo.
APPENDIX C: TIDAL DISRUPTION OF STARS
At intermediate impact parameters, stars passing close to
stellar mass black holes will be tidally disrupted. Pericenters
vulnerable to tidal disruption will lie interior to the tidal
radius,
Rt = R∗
(
M•
M∗
)1/3
. (C1)
Following disruption, the stellar debris will follow ballistic
trajectories with a frozen-in spread of specific energy (Rees
1988; Stone et al. 2013),
∆ =
GM•R∗
R2t
. (C2)
Generally, ∆  σ2, meaning that half the star will be un-
bound and fly off to infinity, while the other half will even-
tually return to the SBH on highly eccentric orbits. These
bound debris streams will collisionally shock each other and
circularize into a super-Eddington accretion disk after order
unity pericenter returns, although the details of circulariza-
tion are unclear: although they are likely mediated by GR
precession around SMBHs (Hayasaki et al. 2013, 2015), near
stellar mass BHs the tidal radius is very non-relativistic and
purely hydrodynamic effects may prevail (Guillochon et al.
2014; Shiokawa et al. 2015). Regardless, a SBH will likely
accrete ≈ 50% of the tidally disrupted star.
Recently, Metzger & Stone (2015) suggested that the
true accretion fraction may be significantly lower than 50%
because of the large energy hierarchy in the problem: ∆
σ2, so the absorption of even a small fraction of the accretion
luminosity will suffice to unbind a majority of the stellar
debris bound to the black hole. If this argument is correct,
it would drastically reduce the ability of TDEs to contribute
to SBH mass growth. However, the analytic argument of
Metzger & Stone (2015) was designed to apply to SMBH
TDEs, where the energy hierarchy is more than an order
of magnitude stronger than it is for SBH TDEs. Realistic
numerical simulations capable of testing this argument have
not yet been run for SMBH TDEs, but at lower mass ratios
(M• = 103M) they have, and there is no evidence for the
ejection of the bound debris (Guillochon et al. 2014).
APPENDIX D: TIDAL CAPTURE OF STARS
At larger separations, tidal excitation of modes can bind a
SBH to a star initially on a mildly hyperbolic orbit. The
excess orbital energy is deposited into the mechanical oscil-
lation of normal modes in the star, putting the two onto an
eccentric bound orbit. In order for successful capture to oc-
cur the energy deposited into modes, ∆E, must exceed the
hyperbolic orbital energy Eorb ≈ v2∞/2. If we decompose
the modes into spherical harmonics {`,m} with radial mode
numbers n, we can follow Press & Teukolsky (1977) to write
∆E` =
GM2∗
R∗
(
M•
M∗
)2 ∞∑
`=2,3,...
(
R∗
Rp
)2`+2
T`(Rp). (D1)
Here the dimensionless mode-orbit coupling constant
T`(Rp) = 2pi
2
∞∑
n
|Qn`|2
∑`
m=−`
|Kn`m|2 (D2)
is broken down into two distinct components: a dimension-
less overlap integral Qn` measuring normal modes inside a
given stellar structure model, and a dimensionless tidal cou-
pling integral Kn`m. We calculate the second of these di-
rectly, using
Kn`m =
W`m
2pi
∫ ∞
−∞
dt
(
Rp
R(t)
)`+1
ei(ωnt+mφ) (D3)
W`m =(−1)
`+m
2
(
4pi
2`+ 1
(`−m)!(`+m)!
)1/2
(D4)
×
(
2`
(
`+m
2
)
!
(
`−m
2
)
!
)−1
.
In this coupling integral φ is orbital phase and ωn is the
mode frequency. Values of Qn` have been tabulated in other
papers (Lee & Ostriker 1986), and we use these tabulations
for the low-` modes which dominate energy deposition. Sam-
ple tidal coupling curves T2(η) and T3(η) are shown in Fig.
D1. In practice, the vast majority of energy deposited in typ-
ical tidal capture events comes from ` = 2, n = 0 oscillations.
Numerically, one can calculate ∆E` to find the critical peri-
center RTC that results in tidal capture; if we parametrize
RTC ≡ λRt we find that λ ≈ 2 in a cluster with σ40 = 1.
This is shown in more detail in Fig. D2, and quantified in
Fig. D3, where we show how λ scales with the dimensionless
number χ ≡ 2GM?/(R?σ2), the squared ratio of the star’s
surface escape velocity to the cluster σ. Included in this plot
are power-law best fits to exact solutions; if we cut off the
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Figure D1. The dimensionless tidal coupling constants, T`(η),
for both ` = 2 (blue) and ` = 3 (orange) modes in a npoly = 3/2
polytropic star. Calculation of T2 and T3 involves a summation
over the lowest-order p-modes, but in general it is the f-mode that
dominates. These curves are independent of perturber mass ratio.
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Figure D2. The total energy (units of J) deposited into me-
chanical oscillations of a solar-type, npoly = 3/2 star perturbed
by a 10M BH, as a function of the pericenter radius r in units
of tidal radii. The blue curve shows the contribution of ` = 2
modes, the orange curve the contribution of ` = 3 modes, and
the purple curve (overlapping with blue) their combined effect.
The horizontal black lines show the typical energy at infinity of
clusters with σ = 80 km s−1 (solid), σ = 40 km s−1 (dashed),
and σ = 10 km s−1 (dotted).
best fit at 1/χ ∼ ∆E/(GM2?/R?) < 0.05 (an approximation
for where the linear tides approximation is valid) we have
λ = 1.288χ0.0899. (D5)
APPENDIX E: N-BODY SIMULATIONS
For the numerical tests presented in § 4, we used two differ-
ent integrators: one for single-body integrations and one for
few-body integrations. The single-body code is a simple Her-
mite integrator with a fixed time step, whereas the few-body
code is a modified version of the algorithmic chain integrator
AR-Chain developed by Mikkola & Merritt (2006). The lat-
ter uses algorithmic chain regularization for high-precision
integration of few-body dynamics, and is capable of handling
10 50 100 500 1000
1.0
2.0
1.5
Χ
Λ
Figure D3. The λ parameter required for tidal capture shown
as a function of χ ≡ 2GM?/(R?σ2). The black line is an exact
numerical solution, and we also show power law best fits for χ <
0.05 (dotted green line) and χ < 0.15 (dashed purple line). The
former, fiducial curve is given in the text as Eq. D5, while the
alternate one (which may extend too far into the nonlinear tides
regime, beyond which our treatment of mode excitation breaks
down) is λ = 1.165χ0.1058.
velocity-dependent forces efficiently. It includes relativistic
post-Newtonian terms up to order PN2.5 (Mikkola & Mer-
ritt 2008).
Both codes integrate the orbits of SBHs in the gravi-
tational field of a background NSC. For computational con-
venience, this star cluster is approximated by a Plummer
sphere with total mass, MNSC , and Plummer scale radius,
a. Following, e.g., Heggie & Hut (2003), its mass density
profile can be written as
ρ(r) =
3MNSC
4pia3
(
1 +
r2
a2
)−5/2
, (E1)
having a core of size rc = a/
√
2 with a central density of
ρ0 = 3MNSC/(4pia
3). Its half-mass radius is given by rh ≈
1.305a. The velocity dispersion at radius r can be written
as
σ(r) =
√
GMNSC
6a
(
1 +
r2
a2
)−1/2
, (E2)
with a central velocity dispersion of σ0 =
√
GMNSC/6a.
These quantities, density and velocity dispersion, are of key
importance for the runaway time scale of the SBHs. We
relate these three-dimensional quantities to observables by
defining the NSC’s (projected) effective radius as Reff =
a/
√
22/3 − 1, and the velocity dispersion at this radius to
be
σeff = 22.42
(
MNSC
106 M
)1/2(
1 pc
Reff
)1/2
km s−1 (E3)
E1 Phase-space diffusion
Weak encounters with background stars will let the SBHs
diffuse through phase space while they are orbiting within
the gravitational potential of the NSC. The diffusion can
be expressed as change in velocity of an SBH by ∆~v per
unit time. We can split this change into a component along
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the direction of motion of the SBH, and one perpendicular
to that. Following Binney & Tremaine (2008), the diffusion
coefficients can be expressed as
D[∆v‖] = −4piG
2ρ(r)M• ln Λ
σ2
f(χ), (E4)
D[(∆v‖)
2] =
4
√
2piG2ρ(r)M• ln Λ
σ
f(χ)
χ
, (E5)
D[(∆~v⊥)
2] =
4
√
2piG2ρ(r)M• ln Λ
σ
[
erf(χ)− f(χ)
χ
]
,(E6)
where ∆v‖ ≡ ∆~v · ~v/v is the velocity change in direction of
motion, and ∆~v⊥ ≡ ∆~v − ∆v‖ · ~v/v is the velocity change
perpendicular to the direction of motion. Here, M• is the
mass of the black hole, and χ = v√
2σ(r)
. The function f(χ)
is given by
f(χ) =
1
2χ2
(
erf(χ)− 2χ√
pi
exp
(−χ2)) . (E7)
We approximate the factor Λ in the Coulomb logarithm as
Λ =
(
MNSC
M•
)(
r
rh
)
. (E8)
We can identify Eq. E4 as the dynamical friction term, that
is, if we assumed D[(∆v‖)
2] = D[(∆~v⊥)2] = 0, we would
get Chandrasekhar’s dynamical friction formula. The sec-
ond term introduces a variance of the friction term, and
even allows the SBHs to be accelerated when the velocity
of a SBH gets sufficiently small. The third term introduces
a change in velocity perpendicular to the direction of mo-
tion of the SBH. It is a randomly oriented vector, and hence
causes the SBHs to execute a random walk in phase space.
The last two terms will establish that the SBHs are ulti-
mately in energy equipartition with the background stars.
The velocity changes ∆v‖ and ∆~v⊥ per unit time ∆t can
be computed with the above equations. Both changes are
normal distributed, where the mean, µ, and the variance, Σ,
of the distributions are given by
µ‖ = D[∆v‖]∆t, (E9)
Σ‖ = D[(∆v‖)
2]∆t, (E10)
µ⊥ = 0, (E11)
Σ⊥ = D[(∆~v⊥)
2]∆t. (E12)
We compute the diffusion coefficients for each black hole at
each time step, and modify its velocity on a Monte Carlo ba-
sis. For each time step we draw a random orientation before
adding the perpendicular velocity change to the respective
SBH. Hence, the SBH’s modified velocity, vf , is computed
using
~vf = ~v0 + ∆v‖vˆ‖ + ∆v⊥vˆ⊥, (E13)
∆v‖ = N (µ‖,Σ‖), (E14)
∆v⊥ = N (µ⊥,Σ⊥). (E15)
The change of energy, dEBH , of the orbiting black hole due
to phase-space diffusion is given back to the stellar back-
ground potential, with dE = −dEBH . As a consequence of
this energy transfer, inspiralling black holes will cause an
expansion of the NSC. For this purpose we calculate the
change in potential energy, dW , of the stellar system using
E = T +W =
1
2
W, (E16)
dW = −2 dEBH , (E17)
where we made use of the virial theorem 2T +W = 0. With
this change in potential energy we can calculate a new ra-
dius for the stellar background potential at each integration
step. For the Plummer sphere the new scale radius can be
calculated as
anew = a
(
1 +
32adW
3piGM2NSC
)−1
. (E18)
E2 Tidal captures and tidal disruptions
For each SBH we compute the probability of capturing or
disrupting one or many background stars during each time
step. According to Eq. 14, the tidal-capture rates are esti-
mated as
N˙•? = n? Σ vrel, (E19)
where the number density of stars is n? = ρ(r)/M? with a
mean stellar mass of 0.45 M. The tidal-capture cross sec-
tion, Σ, is given by
Σ = pi R2t
(
1 +
2GMtot
Rt v2rel
)
, (E20)
where Mtot is the total mass of SBH plus star, and vrel is the
relative velocity between the two (which we approximate as
the local velocity dispersion σ). The tidal radius is given by
Rt = r? (M•/M?)
1/3, with r? being the mean stellar radius
approximated as r? ≈ r (M?/M)0.8. From these rates we
calculate tidal capture probabilities by assuming they are
constant throughout one time step. Since our time steps are
small fractions of the NSC’s crossing time, this assumption
is a good approximation.
Using this tidal capture probabilities, we let the SBHs
grow on a Monte Carlo basis. We distinguish between tidal
capture and disruption events, which have related cross sec-
tions, by assuming that a fraction of the capture events are
disruptions. Each tidal capture results in the respective SBH
gaining one mean stellar mass, M?, whereas disruptions in-
crease the SBH mass by 0.5M? (see §3).
However, there remains a notable shortcoming of this
numerical approach: the Plummer sphere has a fixed ratio
of core radius to half-mass radius (rc/rh ≈ 0.54); realistic
clusters exhibit wide variance in this ratio, and the large
central densities of highly concentrated clusters are more
favorable to tidal capture runaways. In this sense our sim-
ulations are conservative with regard to the onset of run-
away SBH growth, and we are currently performing analo-
gous few-body simulations using the potential-density pair
of Stone & Ostriker (2015) to generalize these results.
E3 BH-BH mergers and dynamical ejections
The code AR-Chain includes PN terms up to order 2.5. The
SBHs can therefore merge via gravitational wave emission.
We include gravitational wave recoils following the prescrip-
tion outlined in Kulier et al. (2015), which is based on the
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fitting formula by Lousto et al. (2012). To save computa-
tional time, we assume that a merger will be inevitable when
the separation between two SBHs gets smaller than 10 000
Schwarzschild radii. At the moment of the merger, we as-
sume that the spin vectors of the two SBHs are randomly
aligned. This results in kick velocities of up to several thou-
sand km s−1, with a median kick of ≈ 290 km s−1. Since our
simulations focus on NSC with relatively low escape veloci-
ties, this implies that a majority of the merging SBHs escape
from the NSCs.
Black holes can also eject each other via strong three-
body interactions. We remove SBHs from the simulations
once they move beyond 1 kpc from the NSC, assuming that
it will take them more than a Hubble time to find their way
back into the center of the host galaxy.
E4 Set of simulations
The simulation results presented in §4 are based on a set of
9 runs with the single-body code and 9 runs with the few-
body code. The characteristics of the NSCs in both sets are
the same, but while the one-body simulations show us the
evolution of a single SBH in these NSCs, the few-body code
follows 10 SBHs as they grow and interact.
We use the McLuster code6 to generate initial con-
ditions for these simulations (Ku¨pper et al. 2011). The 10
SBH follow a simple mass function with slope M−1• between
5 M and 20 M, resulting in the most massive SBH hav-
ing 20 M and the next-most massive SBH having a mass
of 11 M. The single-body simulations are using only the
most-massive SBH of these initial conditions.
We make five simulations with a fixed NSC mass of
106 M and effective radii varying between 0.1 pc and 2 pc.
Another four simulations have a fixed effective radius of
0.2 pc and NSC masses between 2.5 · 105 M and 2 · 106 M.
The SBHs are set up randomly within these NSCs with ve-
locities typical for their initial NSC positions. The results
are described in §4 and summarized in Fig. 7.
6 https://github.com/ahwkuepper/mcluster
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